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Abstract

In this paper, we consider a fluid queue with an infinite buffer capacity which is both filled
and depleted by fluid at constant rats. These rats are uniquely determined by the number of
customers in an M/M/1/N queue with constants arrival and service rates. An alternative approach
to obtain analytical expression for the joint stationary distribution of the buffer level and the state
of M/M/1/N queue is given. Through our approach we obtain the determinant of a tridiagonal
matrix in terms of the roots of Chebychev's polynomial of second kind. Moreover, we illustrate

the effectiveness of the derived formula through graphs and numerical discussion.
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1. Introduction

In the literature, Stochastic fluid flow models become one of the important topics in queueing
theory which have a wide area of applications in many categories as telecommunications,
computer systems and manufacturing models, for example see among others Anick et al.(1982)
Coffman et al. (1991), Meitra (1988) Stern and Elwalid (1991). In such models, the bursts of data
are usually transmitted with high-speed networks in packets or cells. Therefore, the use of fluid
models is very useful, since the variations on the cell level are almost negligible compared to
those on the more important burst level. In Fluid models it can manipulate models which have
continuous customer or stream of nature it prove to be efficient for studying performance
analysis of telecommunication and manufacturing models. Many authors and researchers analyze
fluid models which have infinite state space of the Markov process that modulates the input rate
of fluid in buffer as (Adan and Resing (1996), Sericola and Tuffin (1999) and Virtamo and

Norros (1994), but a few of them analyze fluid models which have a finite state space as (Lenin



and Parthasarathy (2000), and O'Reilly(1986)). Lenin and Parthasarathy (2000) find a closed-
form analytical expression for eigenvalues of the underlying tridiagonal matrix and the
distribution of the buffer occupancy by using some identities of tridiagonal determinates for
general case N takes finite value. In O'Reilly (1986) the explicit expression for the density
function of the buffer occupancy in steady state is obtained in special case. Our motivation in
this paper is to study a fluid queue driven by an M/M/1/N queue (Sharma &Gupta (1983),
Tarabia (2000)) with the direct approach to find an analytical explicit expression for the
stationary distribution of the buffer occupancy for general case N takes finite value. In order to
achieve it we convert system of differential equations into system of algebraic equations by using
Laplace transform technique then computing the invers of the matrix of this model in terms of
roots of Chebychev's polynomial then using the partial fraction method to obtain the demand
solution. This technique is more efficient and easier to manipulate this problem. We restrict our

analysis to a fluid queue has explicit constant input and service rates.

The rest of the paper is organized as follows: In Section 2, notations and preliminaries are
provided. The model analysis is discussed in Section 3. In Section 4, we analyze the solution
methodology. The numerical illustration is discussed in Section 5. In section 6, it is include the

conclusion and future work.

2. Preliminaries

We consider a fluid queue driven by an M/M/1/N queue which can be represented by two

dimensional Markov process{(X (t),Q(t)),t >0}. The first component is acted by a continuous
time Markov chain {X(t),t > O0}with arrival rate 4 and service rate x, where X(t)is a random

variable denoting the number of customers in the system at a time tand taking the values
S ={0,1,2,..., N} and let the generator of the process { X (t) } be denoted by D , that is

A —(A+p) u

A —u (N +1)x(N +1)



where A > 0 and u > 0 . The second component is acted by a fluid queue with an infinite buffer

which has input rate r;and service rate q;such that r; >q;, r; >0 to avoid the trivial case

where the queue remains always empty and Q (t) denotes the content of the buffer at a time t
with Q(t) >0 where the content of the buffer cannot decrease whenever the reservoir is empty.

That is,

dQ() _ 0, if Q()=0andr,—q; <0
dt r,—q;, else.

Let the drifts of fluid queue represent the difference between the input and service rates
d,=r,—q, , JjeS and S={0,1,2,...,N},

we take in attention the stationary behavior of that fluid queue so, we suppose the following
stability condition:

N
ij(rj _qj)<0’
j=0

where p, be steady state probabilities of the background M/M/1/N queue. Also, through our

analysis we suppose that this stability condition is satisfied. We define the buffer occupancy
distribution F,(t,u) as

F, (t,u) = prob{X (t)=j, Q) <u}, jeS , u>0,

where F, (t,u) denotes the probability that the regulating process is in state jand the buffer
content does not exceed u at a timet. In steady state case

F; () = limprob{X (t)=j, Q(t) <u},
with the boundary conditions are F,(0) =1and F,(0) =0.
3. Model analysis

For any fluid queue and for u >0, we have

oF; (t,u)

= AR )+ R EU) - (r —a;)

oF; (t,u)
2 _(/11' +/uj)|:j (t,u), (1)
u

which is called the govern differential equation for all Markovian fluid queues.

Special cases:



(1) If j=0, equation (1) becomes:

ok, (t,u ok, (t,u
o) — ) - (1, T - 4 ) @
(ii) If j= N, equation (1) becomes:
oF, (t,u oF, (t,u
% = Ay Ry G u) + g Ry u) = (ry —ay )#_(XN + 4y )R () (3)
Consider the following conditions
(i)r,—q;,=r—q forall jeS.

(i) lim,_,, F;(u) = p;.
(iti) The Kolmogorov forward equations for the two dimensional Markov process

oF, (t,u) Y
ot

{X (t),Q(t),t >0} in steady state i.e.

Applying conditions (i) and (iii) on equations (1)-(3), we get
dFR,u) -4

— o .
du (r— q) ( — ) J (4)
du ( ) j—l( ) ( _ ) ( ) ( _) J+l(U) , SJS ( )
dFy ) A -
T LRl e L0 i=N (6)

and u >0 for all states j €S.Define

y;(0) = L[F; (W] = J‘:e’gu F, (u)du

After taking Laplace transform and using the boundary conditions and making some calculations
equations (4)-(6) become:

0+ Ty @) -Lp@=1 .,  j=0 @)
r—q r—q

%Wil(9)+[0+ “]W;(H)——qwj+1(0) 0 , lSjSN—l (8)

A @40+ =0 . j=N ©)
r—q r—q



which can be written in the matrix notation as

A.y(0)=B
where
w(0) =[y,(0),y.(0).....yy (0)]T(N+l)><1 and B=[10,..., O]T(N+l)><l’ hence
b-c
a b c
A . ,
C
a b a (N +1)x(N +1)
where
a=—* bog+ P ang oo A (10)

r-q r-q r-q
4. Solution methodology

To derive the solution for the above system we can write

w(@)=A"B
or
A*
0) = , 11
v (0) det(A) (11)
where A*=[Ay;T wapa 0<j <N and A isthe minor element in the 0*" column

and j* row of the matrix A.

THEOREM 1.

For any nonnegative integer N, the value of the determinate of the matrix A is given as:
det(A) =0 (a—p) (" "= "),

b ac

1 0 ) and are given as:

where a and £ are the eigenvalues of the matrix (

wLtgn g it 5 and g -cos ()
r_q r—q 2\ac

Proof.

We know that the determinate of matrix A has the following formula:



det(A)=(b —c).D, —(ac)D, , (12)

where
a C
D, =det , i =3,4,...N
C
a b-a (i)x(i) (13)
Also
(o) =5 (o)
Dm—l Dm—z
where
(b ac
S_(1 0)

Recursively we have

D\ om(D2 _
(2 )=5n(2). m=23.n

WithD; =b —a and D, = (b — a)(b — ¢) — ac.

Write the matrix S in the spectral form as:

s=@-p(C A DD
where
o p= 2P —dac \/b;“‘ac_ (14)

After some calculation D, has the following form:

D, = (a-p) {(a'* —,B”l)—é(ai AN, i=0L..N . (15)

Hence,

D, =(a~ ) (" - ) -

(@ -p")]

Substituting from (15) for i = N — 1, N into equation (12) and using the characteristic equation
of the matrix S after some calculations, we can complete the proof.



Lemma 1.

For any state j, A, has the following form
Ay :(—1)jajDN_j , j€S

where the D,,_; is given as equation (13) withi = N — j.
Proof.
Clearly, we have A, =D, ,A, =-aD, ,,A, =a’D, , and A, =-a’D, ,
So, in general case we obtain

Ay =(—1)"ajDij ,
Theorem 2.

For every j € S, the buffer occupancy distribution is:

. J;’l .
F (U) (1 ,02‘,?1 NZSIn U[Sln jU fSIH(J +1)U] [r Tt q ‘/jcosu]u
d-p"") (N +)E W+ p-2pcosv)

where p = £ is traffic intensity andv = NLll

M +
Proof.
Writing
N
(aN+1—,BN+1):(a—,B)Zak,BN_k
i=0
also,
A k N -k L
> B =H(a+ﬁ—2yN,i\/aﬁ) :
i=0 i=1
where
Vs =COS(U) , O=—2— i =1,2,...K,... N

N +1

(16)

A7)

(18)

(19)



are the N roots of the N*" degree Chebychev's polynomial of the second kind.
These roots are known to be real and distinct see (Abromowitz and Stegun(1970))

So, we can rewrite the denominator of w(€) given in equation (11) as:

det(A) = 0] [(a+ -2y, JuB) (20)

Substituting from Eq. (20) in Eqg. (11) and using the partial fraction method, we obtain for any
=0,12,..,N:
C0

"”"(9)7+Zl(a+ﬂ 2y o)

Such that c,,c,,c,,...,C, are unknown coefficients need to be computed.

(21)

To obtainc,, multiply equation (20) by ¢ and take the limit when & tends to zero so, we get

¢, =lim 0.y, (6) (22)

0—0
Substituting in equation (14) by € — 0 and after some calculation, we have

o= and gt 23)

r-q r—g

Substituting from Eq.(23) and using Theorem 1, and Lemma 1 after simple calculations, we
have

_ (1_,0)Pj 24
0 (1_,0N +1) ( )

Similarly, we can obtain c, as the following.
Multiply equation (21) by [O(r —qQ) + A+ =2y «M,u] and take the limit when @ tends to 6,

Where

A—u+2y, 2 7k
6, = a r—qN'k at Yy k =C0S(——) (25)

So, we have

e = A0 )2 125, el O (26)



lim[21 ]

o, ~[EL@y Thap ] 21)
r 0P a+ -2, Jap

lim[ i1 ]
P4 O(r —Q)+ A+ =2 Al

O(a ~ ﬁ)Ha+ﬂ 2yN.\/_ﬂ
|
eLrQ[G(r—Q)+ﬂ+ﬂ 2y kﬁ (28)

N
; —A)UIm [ 100 —a)+ A+ u—2y  20)]
(r _q) 06, !:%(
where
—u(d 2
I|m ek — /u( +,0 yN k\/_) (29)
0—6, r q
and Iim(a—ﬂ):Msinu ="K and 3=V (30)
06 r—q N+1

Using Chebyshev’s polynomial definition and after some simplification, we get

21—N (—l)k +1(N +1)

N
H(YN,k_yN,i):ZLNUN(yN,k): Sin o (31)
i #k
So,
N _n\k+ N-1 N-1
tim [ 00 ~0)+ 24 -2y, T = 0N DD (32)
6 14 sin“v
=k
Substituting from Egs. (30)-(32) in (28) , we get
N
N
i I TN ay 2y )
050 O(r —q)+ A+ u—2y Al - (r—q)"**sinv
Similarly,
DN j7_ N—j+1 N-j+ ﬂ, N—j N-j
ggrg[a ﬁ] Jim[a B q (@' =p )] (34)

where



limpe™ -p"1=2 (—1)“1(%)“ Jsin(j)o (35)
Also,
limpe” -p1=23 (—1)“1(%>“ sin(j +1)v (36)

Substituting (39) and (40) in (38) and after some simplification we get,

N-—j+1
D. . kL N=jH L T o Faim iy s
fim2ney - 2D p 2 [sinju—psin(i +1u] a7
"o f (r-a)" 7
Substituting Egs. (35)- (36) and (37) in (26) after some simplification, we obtain
i+
_—p 2 sinufsin jo—/psin(j +1)u] 38)
‘ (N +1)(1+ p—2\/p cosv)
Substituting from Egs. (24) and (38) and then take inverse of Laplace transform, we can
obtain easily:
; i1 . . .o -2 N
F ()= A-p)p’  p? 3. sinofsin jU—\/;SIn(j +1)u]e[q—ﬁ+2qcosvlu (39)
- (INHDE S @+ p-2poosy)

5. NUMIRECAL ILLUSTRATION

In the previous section, we have obtained an explicit expression for the joint stationary

distribution of the buffer level and the state of M/M/1/N queue. Numerical calculation are made

to prove the accuracy and the efficient of our formula. In Figure 1. we plot the relation between

F,(u)and u for different states j =0,1,2,3,4 the figure shows that the result carve is according
_ i

to carve of cumulative function and tends the value p;, :% as u — oo it is shown in
-p

Figure 1.



relation between u and Fju at different values of |
0.7 . . . . . :

06} 1| — =2

05r

04r

Fiu

03r

0.2}

0.1

Figure 1: illustrates F,(u) versus u for different values of j

In Figure 2., we plot the relation between the density function of the buffer content b(u) and u

0.045

Figure 2: illustrates b(u) versus u

REFERNCES

[1] M. Abromowitz, and I. A. Stegun, Handbook of Mathematical Functions. New York,
Dover, (1970).

[2] 1.J.B.F. Adan and J.A.C. Resing, Simple analysis of a fluid queue driven by an M/M/1
gueue. Queueing Systems 22, 171-174(1996).

[3] D. Anick, D. Mitra and M.M. Sondhi, Stochastic theory of a data-handling system with
multiple sources. Bell System Tech. J. 61, 1871-1894(1982).



[4] E.G. Coffman, Jr., B.M. Igelnik and Y.A. Kogan, Controlled stochastic model of a
communication system with multiple sources. IEEE Trans Inf. Theory 37, 1379-
387(1991).

[5] A.l. Elwalid and D. Mitra, Analysis and design of rate-based congestion control of high
speed networks, Part I: Stochastic fluid models, access regulation. Queueing Systems 9
(1991) 29-64.

[6] D. Gross and C.M. Harris, Fundamentals of Queueing Theory, Wiley, New York( 1974).

[7] R.B. Lenin and P.R. Parthasarathy, Fluid queues driven by an M/M/1/N queue, Math.
Probl. Eng. 6, 439-460(2000).

[8] D. Meitra, Stochastic theory of a fluid model of produces and consumers coupled by a
buffer. Adv. Appl. Prob. 20, 646-676(1988).

[9] O’Reilly, P., A fluid-flow approach to performance analysis of integrated voice-date
systems with speech interpolation. In Modelling Techniques and Tools for Performance
Analysis, 85 N. Abu El Ata, ed., Elsevier, North-Holand, 115-130 (1986).

[10] B. Sericola and B. Tuffin, A fluid queue driven by a Markovian queue, Queueing Syst.
31, 253-264(1999).

[11] O.P. Sharma and U.C. Gupta, Transient behaviour of an M/M/1/N queue, Stochastic
Processes and their Applications 13, 327-331(1982).

[12] T. E. Stern and A. 1. Elwalid, Analysis of separable Markov-modulated rate models for
information- handling systems. Adv. Appl. Prob.23, 105-139 (1991).

[13] A.M.K.Tarabia, Transient Analysis of M/M/1/N Queue- An Alternative Approach,
Tamkang Journal of Science and Engineering, Vol. 3, No. 4, pp. 263-266 (2000).

[14] E.A. van Doorn, A.A. Jagers and J.S.J. de Wit, A fluid reservoir regulated by a birth-
death process. Stochastic Models 4, 457-472(1988).

[15] J. Virtamo and I. Norros, Fluid queue driven by an M/M/1 queue. Queueing Systems 16
373-386(1994).



