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Abstract

In this paper, we study the cartesian product of two multi-sets , multi-set function and some
of its properties . We defined the image and the inverse image of multi- sets and study of some
properties .We study the multi-order relation ,quasi-multi-increasing ( decreasing ) function,quasi-
multi-increasing ( decreasing ) sets ,and the multi-topological ordered spaces and some of m - separa-
tion axioms of multi-topological spaces.Finally ,we study a different types of generalized rough msets
and illustrate the relation between them .

keywords: Multi-set, m-cartesian product, Multi-set relation ,m-quasi-conicident , ,Multi-set function
;multi-topological space , ordered relation ,m-approximation space .

1. Introduction

In the classical set theory, a set is a well-defined collection of distinct objects .If repeated occurrences
of any object is allowed in a set ,then a mathematical structure that is known as multiset (mset for
short). The same idea are studied by Yager in [15] and Jena in [9], but under the name of bags and lists.
Thus, a multiset differs from a set in the sense that each element has a multiplicity-a natural number not
necessarily one-that indicates how many times it is the member of the multiset was studied by ([1], [5],
[6], [7], [8])- Ome of the most natural and simplest examples is the multiset of prime factors of a positive
integer "n” . The number 640 has the factorization 640 = 23425 which gives the multiset {2,2,2,4,4,5}.

The theory of rough sets proposed by ( Pawlak 1982 ;1991 ) is an extension of a set theory for the
study of intelligent systems characterized by insufficient and incomplete information . The lower and the
upper approximation operators are constricted by using a binary relation on a set . Using the concepts
of the lower and upper approximations from the rough set theory .

In any information system ,Some situations may occur where the respective counts objects in the uni-
verse of discourse are not single .In such situations we replace its universe of discourse by multisets called
rough multisets . The relation on a multisets is a mathematical model to which many real life data can
be connected .In fact the multi-relations are using the construction of multi-topological spaces .

We first introduce and study in section some properties and concepts of msets and mset relation .More-
over we study the properties of cartesian product in case of msets and we define image ,inverse image of
mset function in sections 3 and4 .In section 5 ,we study multi-order relation and some of its properties
.In addition we study multi-order topological spaces and some of its separation axioms .Finally ,we define
three generalized rough msets and give an example to illustrate the relations between different types of
generalized definitions of rough multiset approximations .



2. Preliminaries and Basic definitions

In this section the basic definitions and notations of multisets and the different types of collections of
multisets and the basic definitions of functions in multiset context are given ([1],[5], [6], [7],[8] ).

Definition 2.1:[6 | A mset M drawn from the set X is represented by a function count M or Cps
defined as Cy; : X — N where N represents the set of non negative integers.

Here C)ps(z) is the number of occurrences of the element z in the mset M. LetX = {z1,x9,...,2,}, the
mset M drawn from the set X is represented by M = {my/x1, ma/x3, ...,y /2, } where m; is the number
of occurrences of the element x;, i = 1,2, ...,n in the mset M.

Example 2.2: Let X = {a,b,¢,d,e} be any set. Then M = {2/a,3/b,5/d,1/e} is an mset drawn
from X. Clearly, a set is a special case of an mset.

Definition 2.3:[6,7] Let M and N be two msets drawn from a set X. Then the following are defined:
1. M =N if C]p[(l‘) = CN(I), Vo e X.
M C N if C]\/[(:L‘) < ON(LU), Vo e X.

P=MUN if Cp(z) = Maz{Cpy(z),Cn(2)}, V2 € X.

Min{Cp(x),Cn(x)}, Vz € X.
P=M@e&N if Cp(x

Cy(z) 4+ Cn(x), Vo € X.

S

(z)
P=MON if Cp(z)
(z)
()

P=Mo N if Cp(x) = Max{Cp(z) — Cn(x),0}, Vo € X.
Where @ and © represent m-set addition and m-set subtraction, respectively.

Definition 2.4:[7,8] Let M be any m-set drawn from a set X. The support set of M denoted by M*
is a subset of X and defined as M* = {z € X : Cp(x) > 0} i.e. M* is an ordinary set. M™ is also called
root set.

Definition 2.5:[7,8] An m-set M is said to be an empty m-set if Cps(z) =0, Vo € X.

Definition 2.6:[7,8] A domain X, is defined as a set of elements from which m-sets are constructed.
The m-set space [X]% is the set of all m-sets whose elements are in X such that no element in the m-set
occurs more

than w times.
The set [X]*° is the set of all m-sets over a domain X such that there is no limit on the number of the
occurrences of an element in an m-set.
If X ={21,22,....,2x} then [X]¥ = {m1/x1,ma/x2,....mi/xr} : fori=1,2,...,k;m; € {0,1,2,...,w}}.

Definition 2.7:[7,8] Let X be a support set and [X]* be the m-set space defined over X. Then for
any m-set M € [X]*, the complement M¢ of M in [X]" is an element of [X]* such that
Cue(z) = w — Cp(z), Vo € X

Notation 2.8:[7,8] Let M be an m-set from X with x appearing n times in M. It is denoted by = €™ M.
M = {ky/x1,ka/xa, ..., kn/xy} where M is an m-set with x; appearing k; times, 25 appearing ko times
and so on. [M], denotes that the element x belongs to the m-set M and | [M],, | denotes the cardinality
of an element = in M.

Definition 2.9:[6,8] A submset N of M is said to be:

1. Whole m-subset of M if C'y(z) = Cps(x), for every x € N.

2. Partial whole m-subset of M if Cy(x) = Cps(z), for some z € N.



3. Full submset of M if M* = N* and Cy(x) < Cpr(z), for every x € N.

Definition 2.10:[6,7,8] (Power Mset) Let M € [X]* be an mset. The power mset of M denoted by P(M)
is the set of all the submsets of M. i.e. N € P(M) if and only if N C M. If N = (), then N €' P(M),
and

if N # (0, then N €* P(M) where k = HZ(HJA\/,[]]:“), the product [], is taken over by distinct of z of the

mset N and | [M], |=m iff z €™ M, | [N], |=niff z €™ N, then
M]. m!
(v = () = s
The power set of an mset is the support set of the power mset and is denoted by P*(M).

Definition 2.11:[7,8] The maximum mset is defined as Z where Cz(z) = Max{Cy(x) : x €¥ M, M €
[X]* and k < m}.

Definition 2.12:[6,7] Let [X]¥ be an mset space, {My, Ma,...} be a collection of msets drawn from
[X]*, then the following operations are possible under an arbitrary collection of msets.

1. The union U;etM; = {Cun, (z)/x 2 Cunr, (z) = Maz{Cy, (z) 1 € X}}.

2. The intersection Njer M; = {Crpr, (z) /2 : Capg, () = Min{Chy, (x) : x € X }}.

3. The m-set addition @;erM; = {Canr, (2)/7 : Con,(v) = D ;c; Cum, (), © € X}

4. The m-set complement M® = Z & M = {Cpe(x)/z : Cppe(x) = Cz(x) — Cpm(2), € X}

Definition 2.13:[8,9,10] Let M; and M> be two m-sets drawn from a set X, then the Cartesian product
of My and My is defined as My x My = {(m/xz,n/y)/mn:x €™ My, y €™ Ms}.

Definition 2.14:[7,8,9] A sub-mset R of M x M is said to be an m-set relation on M if every mem-
ber (m/xz,n/y) of R has a count, product of Cy(z,y) and Ca(z,y). We denote m/x related to n/y by
m/x Rn/y.

The Domain and Range of the m-set relation R on M is defined as follows:
Dom R = {x €¥ M : 3y €" M such that k/z Rr/y} where Cpompr(z) = sup{Ci(z,y) : x €* M}.
Ran R = {y €" M : 3z €¥ M such that k/x Rr/y} where Crangr(y) = sup{Cs(z,y) : y € M}.

Definition 2.15:[8,9]let R be a m-set relation on M .The family R~ = {(n/y,m/z) : m/zRn/y}is
said to be the inverse m-set relation of R .

Definition 2.16:[8,9]m-set relation R on M is said to be :

1. reflexive if it satisfies m/xRm/x ¥V m/x € M.

2. symmetric if it satisfies m/xRn/y = n/yRm/x .

3. transitive if it satisfies m/xRn/y,n/yRk/z = m/xRk/z.
A m-set relation R on M is said to be equivalence relation if it is reflexive, symmetric and transitive .
Definition 2.17:[7,8] An m-set relation

f is called an m-set function if for every element m/z in domain f, there is exactly one n/y in Ran
f such that (m/z,n/y) is in f with the pair occurring as the product of Ci(x,y) and Ca(z,y).

Definition 2.18:[7,8] Let M € [X]¥ and 7 C P*(M). Then 7 is called a multi-set topology on M
if 7 satisfies the following properties.



1. The m-set M and the empty m-set () are in .
2. the union of elements of any sub collection of 7 is in 7.
3. the intersection of elements of any finite sub collection of 7 is in 7.

The pair (M, 7) is called multi-topological space (for short M-topological space). The elements of 7 are
called open msets.

Definition 2.19:[6] Let (M, 7) be an M-topological space and N is a
sub mset of M. The collection v = {NNU : U € 7} is an M-topology on
N denoted by (N, 7y)is called a subspace of (M, 7).

Definition 2.20:[5,6,8,9] A submset N of an M-topological space M in [X]* is said to be closed m-
set if the m-set M © N is open.

Theorem 2.21:(7,6] Let (M, 7) be an M-topological space. Then the following conditions hold.
1. The m-set M and empty m-set () are closed m-sets.
2. Arbitrary intersection of closed m-sets is a closed m-set.

3. Finite union of closed m-sets is a closed m-set.

Definition 2.22:[5,6]Let (M, 7)and (N, 7*) be two M-topological spaces .A function f : (M, 7) — (N, 7*)
is said to be m-continuous if the inverse image of 7* -open mset is 7 -open mset .

Definition 2.23:[5,6] Given a submset N of M-topological space M in [X]*.

1. The interior of N is defined as the union of all open msets contained in N and is denoted by Int(N).
ie. Cruvy(x) = Cuc(z): G is an open mset, G C N.

2. The closure of N is defined as the intersection of all closed msets containing N and is denoted by
CI(N). ie. Cervy(x) = Cap(z) : F is an closed mset, F' 2 N,

Theorem 2.24:[7,6] Let N be a subspace of an M-topological space M in [X]* and A be a submset of
an mset N and CI(A) denote the closure of an mset A in M. Then the closure of an mset A in N equals
CI(A)NN.

Theorem 2.25:[7,6] If M;, M, are submsets of the M-topological space M in [X]*, then the follow-
ing properties hold:

L. Crotvrynigz) (1) = Min{Crniary) (), Crngary) ()}

2. Ccz(MluMg)(ﬂf) = Maﬂ?{ccz(Ml)(l’), CCl(Mz)(ﬂU)}-

Definition 2.26:[5,13,14,15]Suppose we are given a finite nonempty set U of objects ,called the universe
»,and R is a binary relation defined on U.WE list the properties that are of interest in the theory of rough
sets (Pawlak 1982,1991)let A,B C U

1. R(A) = (R(A%))° : R(A) = (R(A°))°

2. RU)=U R(¢)=¢

3. R(ANB) = R(A)N R(B) , R(AUB) = R(A)UR(B)
4. R(AUB) D R(A)U R(B) , R(ANB) C R(A)NR(B)



5. AC B= R(A) C R(B),R(A) c R(B)

6. R(¢)=¢ , RU)=U

7.R(A)CA R(A)> A

8. AC R(R(A) A D R(R(A)

9. R(A) CR(R)(4) R(A) > R(R)(A)
10. R(A) C R(A) ; R(R(A) C R(A)

3. Cartesian Product

In this section we study the cartesian product of two multi-sets , the mset relations and some of its
properties.

Definition 3.1:[8] Let M7 and M; be two msets drawn from a set X, then the Cartesian product of
M, and Ms is defined as My x My = {(m/x,n/y)/mn:x €™ My, y €™ Ms}.

Proposition 3.2:Let M; and Ms be two msets drawn from a set X, then
1. M1X¢=¢XM1:¢.

2. My x (Ma U Mj3) = (M; x M) U (My x Ms).

3. (MyUMs) x My = (My x My) U (Ms x My).

4. My x (Ma N Ms) = (My x M) N (My x Ms).

5. (MyN Ms) x My = (My x My) N (Ms x M)

Proof

1. Trivial.

2. My x (MU Ms)={(m/x,n/y)/mn:xz €™ My, y €™ MyU Ms}.

{(m/z,n/y)/mn:x €™ My, y €™ My U Ms}.

= {(m/z,n/y)/mn :m < Cu, (), n < max{Chp,(y), Cas, (y)}}-
{(m/z,n/y)/mn:m < Cu, (z), (n < Ch,(y) or n < Ca(y))}-

={(m/x,n/y)/mn:x €™ My, y € My} U{(m/x,n/y)/mn:x ™ My, y €™ Ms}.

= (Ml X MQ) U (M1 X Mg)

had
—~

My U M3) x My = {(m/z,n/y)/mn:xz €™ My U Ms, y €™ M;}.
{(m/z,n/y)/mn:m < max{Cw,(z), Cr ()}, n < Cwn,(y)}-
{(m/z,n/y)/mn: (m < Cn,(x) or m < Cuy(x)), n < Cwm,(y)}-
{(m/z,n/y)/mn: (m < Cun,(x),n < Cor, (y))or (m < Chy(z), n < Chry(y))}-
MQ X Ml) (Mg X Ml)

—~

1 X (Mo Ms) My x (MaN Ms) ={(m/z,n/y)/mn:x ™ My, y €™ My Ms}.
{(m/z,n/y)/mn:m < Cu, (z), n < min{C, (y), O, (y) }}-
{(m/z,n/y)/mn:m < Cu, (z), (n < C,(y) and n < Cu(y))}-
{(m/z,n/y)/mn: (m < Cpp, (2),n < Car, (y))and (m < Cur, (2), n < Cury(y))}-
(Ml X MQ) M (M1 X Mg)

[ ||§

the rest of the proof is similar

Proposition 3.2:Let R ,R;, Ry be a mset relations on M ,then



1. R is symmetric <& R~! is symmetric .

2. R is transitive <& R™! is transitive .

3. Ri, Ry are reflexive = Ry U Ry is reflexive.
4. Ry, Ry are reflexive & R; N Ry is reflexive.
5

. Ri1, Ry are symmetric = R; U Ro, R1 N Ry are symmetric.
Proof

1. R is symmetric < m/xRn/y = n/yRm/x
s n/yR™'m/xz = m/zR n/y
& R is symmetric .

2. Let R be transitive then, if m/xRn/y,n/yRk/z = m/xRk/z then
n/yR=*m/x, k/2R~n/y = k/zR~'m/x then R~! is transitive.

3. 1 and 2 are straightforwards

4. m/xRy U Ran/y = m/xRin/y or m/xRan/y
= n/yRym/x or n/yRem/x
= n/yR1 @] Rgm/l'
= R1 U Ry is symmetric

5. m/xRy N Ran/y = m/xRin/y and m/xRan/y = n/yRim/x and n/yRom/x
= n/yR1 N Rom/x = Ry N Ry is symmetric

But the converse is not true as we show in the following :

Example3.3 Letf : X — Y ;M = {3/x,5/y,3/2,7/r} , R1 = {(3/x,3/x)/9,(5/y,5/y)/25} is not
reflexive and ,Ry = {(3/2,3/2)/9,(7/r,7/r)/49,(3/x,5/y)/15} is not reflexive

ﬂBut. the relation Ry U Ry = {(3/x,3/x)/9,(5/y,5/y)/25,(3/2,3/2)/9,(7/r,7/r)/49, (3/x,5/y)/15}is re-
R3 = {.(3/x,5/y)/15, (3/x,7/r)/21,(5/y,3/x)/15,(7/r,5/y)/35} is not symmetric also ,
the relation Ry = {(5/y,7/r)/35,(7/r,3/x)/21} is not symmetric .

But the relation RsURy = {((3/x,5/y)/15,(3/x,7/r)/21,(5/y,3/x)/15,(7/r,5/y)/35,(5/y,7/r)/35,(7/r,3/x)/21}is
symmetric .

the relation Rs = {(3/x,3/2)/9,(3/2,3/x)/9,(7/r,3/x)/21,(3/x,5/y)/15} is not symmetric ,also ,Rg =
{(3/x,3/%)/9,(3/2,3/x)/9,(3/2,5/y)/15} is not symmetric .

But the relation Rs N Rg = {((3/2,3/2)/9, (3/2,3/x)/9}is symmetric .

4. Multi-set function

In this section we study the concept of multi-set function and we give a new definitions of the image ,
the inverse image of a multi-set and study of its properties .

Definition 4.1:[5,6] An mset relation f is called an mset function if for every element m/x in domain
f, there is exactly one n/y in Ran f such that (m/x,n/y) is in f with the pair occurring as the product
of Cy(z,y) and Cs(x,y).

Definition 4.2:[6,5]A mset function f is called one-one ( injective) if no two elements in Dom f have
the same image under f with C;(z,y) < Cao(z,y), forallx,y



Definition 4.3:[8,5]A mset function f is called onto ( surjective) if no two elements in Ran f equal to
co-domain f and Ci(x,y) > Co(x,y), forallr,y

Definition 4.4:[5,6]A mset function f is called one-to-one and onto ( bijective) if it is injective and
surjective with Cy(z,y) = Ca(z,y), forallz,y

Definition 4.5:Let R be an mset relation defined on M and m/x € Mthe R- relative mset of m/x
is the set of all n/y in M such that there exist some k such that k/x R n/y i.e R(m/x) = {n/y : Ik €
N, k/xRn/y}

Example 4.6 LetM = {5/a,4/b,4/c,3/d} and N = {7/x,5/y,6/z,4/w} be two msets .Let f : M —
Ngiven by f = {(5/a,5/y)/25,(4/b,6/2)/24,(4/c,4/w)/16,(3/d,6/z)/18}, A1 = {2/a,2/b,3/c}, Ay =
{5/a,2/b,3/c} then, f(A1) ={5/y,6/2,4/w},f(A2) = {5/y,6/z 4/w}.

From the above example we show that the image of Ajand A are the same although the two msets
are different . then, the definition of the image of mset under a mset function does not depend on the
multiplicity of the elements so it is not good extension .So,we can define the image of msetas following :

Definition 4.7:Let M; be a mset drawn from a set X ,and Msbe a mset drawn from a set Y . Let
f: My — M; be a mset function from M; to My . Let A be a submset of M7, the image of A under the
function f denoted by f(A) where f(A): Y — N defined by

Cray(y)) = min{Ma(y), sup{Ca(z) : f(x) = y}} if f~1(y) # ¢

=0 otherwise

Example4.8 : Let f : M — Nas defined in the above example we show the images ofAjand A,
are f(A1) = {2/y,2/z,3/w},f(A2) = {5/y,2/2,3/w} are not the same . In the following we study the
properties of the mset function

Proposition 4.9:Letf : M; — Msbe a mset function andAq, As be submsets of My .Then ,
1. Ay C Ay = f(Ar) < f(A2)

2. f(A1) U f(A2) = f(A1U Ag)

3. f(A1NAg) < f(A1) N f(Ag)

4. f(A) @ f(A2) = f(A; @ Ay)
5. f( A

(
An) © f( (

of
of f(Ar1 6 A2)

2) <

Proof

L. Cyan(y) = min{Ma(y), sup{Ca,(x) : f(z) = y}} .Since , Ca,(z) < Cy,(x)Vz € X then we

haveCya,)(y)) = min{Ms(y), sup{Ca, (z) : f(x) = y}} < min{Ms(y), sup{Ca,(x) : f(z) = y}} =
Cf(a,)(y)). Thus , we have f(A1) C f(A2)

2. Since Al,AQ g Al U Agthen, f(Al), f(AQ) g f(Al U AQ)

Cra,ua)(y) = min{Chp (y), sup{Ca,ua.) (%) : f(x) = y}} = min{Cur(y), sup{Ca,ua.)(x) :

f(x) = y}} = min{Cu, (y), sup{max{C((A1)(z), C((A2)(z)}} : f(x) = y}} = min{Chr, (y), max(sup {C((A1)(z) :
f(x) =y}, sup {C((A2)(z) : f(z) = y})} = max(min{Cu, (y), sup {C((A1)(z) : f(z) =y}, min{C, (y), sup {C((A2
f(z) =y}) = max{Csa,) (%), Crea,) (y)}-Thus ,Cra,ua,)(y) = max{Cpa,)(y), Crea,)(y)} .Conse-

quently , we have f(A1) U f(A2) = f(A1 U Ag)



3. Criainan(y) = min{Cs, (y), sup{Cla,na,) (2) : f(2) = y}} = min{Cu, (y), sup{min{C(Ay)(z), C(Az)(2)} :
f(@) = y}} < min{Chp,(y), min{sup{C(A1)(z) : f(z) = y},sup{C(As)(x)} : f(z) = y}} <
min{min{Chy, (y), sup{C(A1)(z) : f(z) =y}, min{{Chs, (y), ,sup{C(A2)(2)} : f(2) = y}} < min{Cpa,)(y), Crian(

Cf(Al)mf(AQ)((E).ThUS f(Al n AQ) < f(Al) n f(AQ)

4. Cra,040)(y) = min{Chr, (y), sup{Ca,@a,) (%) : f(z) = y}} = min{Ch, (y), sup{Ca, (v)+Ca,(z) :
f(@) =y}} = min{Cu,(y), sup{Ca, (z) : f(z) = y}}+sup{Ca,(z) : f(z) = y}} = min{Cur, (), sup{Ca, (z) :
f(z) =y} +min{Ch, (y),sup{Ca,(z) : f(z) = y}} = Crra,)(y) +Cf(a,)(y)-Consequently , f( A1) ®
f(A2) = f(A1 @ Ay).

5. Cf(AleAz)(y) = ml?’l{CM2 (y),SUp{C(AleAZ)(J?) : f(x) = y}} = mln{OM2 (y>78up{maX{OA1 (33) -
Ca,(2),0} : f(2) = y}} = max{Cp(a,)(y)—Cr(a,)(y), 0}.Consequently , f(A1)O f(Az2) < f(A16Az)

But the converse is not true.

Example 4.10 LetM = {8/x,7/y,1/z}, N = {6/a,9/b} ;and f = {(8/x,6/a)/8,(7/y,9/b))/7,(11/z,6/a)/11}
be a mset function My = {5/x,3/y} , My = {8/Z},M1 N My = ¢ ,f(My) = {5/a,3/b},f(Ms) =
[4/a}, F(MON (M) = {5/a}, F(M)E F(My) = {3/b} My &My = {5/2,3/y} , F(MySMy) = {5/a,3/b),
f(My © M) 2 f(My) © f(Mz) , f(My) N f(Mz) € f(My N M)

Example 4.11LetM = {5/a,4/b,4/¢,3/d} and N = {7/x,5/y,6/z,4/w} be two msets .Let g :
M — Ngiven by g = {(5/a,7/y)/35,(4/b,7/x)/28,(4/c,6/2)/24, (3/d,4/w)/12}, By = {5/y,6/z,4/w},
By = {2/y,3/2,2/w} then,f'By = {5/a,4/c,3/d}and f~1By = {5/a,4/c,3/d} are the same although
the two msets are different . then, the definition of the inverse image of mset under a mset function does
not depend on the multiplicity of the elements so it is not good extension .So,we can define the inverse
image of mset as following :

Definition 4.12:Letf : X — Y be a function from X into Y and let B be submset of Ms,then ,the
map f~! : My — M, defined by Cy-1p5(z) = min{Cu, (z), Cp(f(z))}is called the inverse image of a
mset B of My ,whereM; is a mset on X andMs be a m-subset on Y

Example4.13 LetM = {5/a,4/b,4/c,3/d} and N = {7/x,5/y,6/z,4/w} be two m-sets .Let g :
M — Ngiven by g = {(5/a,7/y)/35, (4/b,7/2)/28, (4/c,6/2)/24, (3/d, 4/w) 12}, By = {5/y,6/=, 4w},
By = {2/y,3/z,2/w} then,f 1By = {5/a,4/c,3/d}and f~'By = {2/a,3/c,2/d}are not the same . In
the following we study the properties of the inverse of mset function

Proposition 4.14: Letf : M; — Msbe a mset function and By, By be submsets of My .Then |
1. Bl - B2 = f_l(Bl) - f_l(Bg)

2. fTHUB) U H(Bs) = f~1(B1UBy)
3. fTH{B1NBz) C f~1(B1)N f~(B2)
4. [7H(B) @ fH(B2) = f1(B1 @ Ba)
5. f7He) = ¢ .fTH(Mz) = My

Proof

1. Cffl(Bl)(x) = min{CJVfl ('T)7 CB1 (f(x))} < min{CMl (Z‘), CBQ (f(l‘))} = Cffl(B1)('T)

2. Cy-1(B,uBy)(®) = min{Cu, (), Cp,us, (f(z))} = min{Cu, (z), max{Cp, (f(v)),Cs,(f(z))}} =
max{Cj-1(p,)(®), Cp-1(p,y)(x)} = Cp-1()uf1(By)(T)



3. Cp1(inp,)(¥) = min{Cy, (2), Cp,np, (f(2))} = min{Cy, (), min{Cp, (f(2)), C, (f())}}

= min{Cy-1(p,)(7),Cs-1(B,) ()} = Cp-1(B,)nf1(Bs)(T)

.The others are similar

Proposition 4.15: Letf : M — Nbe a mset function and letA be submset of M , B be submset of
N ,then

1. f(f~Y(B) C B,and equality holds if fis onto.

2. f71(f(A)) 2 A,and equality holds if fis one-to-one.
Proof

L. Cyr-1(my(y) = min{Cn(y),sup{Cy-1p(z) : f(z) =y}} <min{Cn(y),Cr(y)} = Cp(y)

.The other are similar.

5. Multi-order relation
In this section we study multi-order relation and some of its properties
Definition 5.1:A mset relation R on M is said to be multi-pre-order relation if it is reflexive and

transitive .

Definition 5.2: A mset relation R on M is said to be multi-antisymmetric relation if it is (m/xz,n/y) €
R,(n/y,m/z) € R=m/x=n/y

Definition 5.3:A mset relation R on M is said to be multi-partial order relation if it is reflexive ,
anti-symmetric and transitive . The pair (M, R) is said to be multi-partially ordered set denoted for

short ( m - poset ).

Definition 5.4:A multi-totally ordered set is a m - poset relation (M, R) in which for any two multi-
points m/a , n/b in M are comparable , that is Vm/x,n/y € M = (m/x,n/y) € R or (n/y,m/x) € R

Definition 5.5:A mset relation D on M is said to be multi-directed relation if it is reflexive , tran-
sitive and satisfies the following condition Vm/x,n/y € M3r/z € M s. t. (r/z,m/x) € D, (r/z,n/y) € D

The pair (M, D) is said to be multi-directed set or m - directed system .
Definition 5.5:Let M be a mset drawn from a set X ,A be a submset of M .A multi-point n/x is
said to be m- quasi-coincident of A Iff n + C4(z) > Cps(x) and denoted by n/xqA

Definition 5.6:Let M be a mset drawn from a set X ,A and B be two msets of M .A multiset A is

said to be m- quasi-coincident of B Iff 3z € X s.tC4(x) + Cp(x) > Cps(x) and denoted by A ¢B

Proposition 5.7:Letf : M; — Msbe a mset function and B be a mset on My, n/b a multi-point
on M;j then we have f(n/b)gB = n/bqf~'(B)

Proof Since f(n/b)gB = n + Cp(f(b)) > Cun,(f(b)) then , n + Cr-1(py(b) > Cr-1(ar,)(b) that is
n+ Cy-1(p)(b) > C(ar,)(b).Hence we have n/bqf~(B)

Definition 5.8:Let(M, R) be multi-partially ordered set . A mset A of M is said to be :
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1. g- multi-increasing if Vm/a € A,n/b € M, (m/a,n/b) € R ;then n/bgA

2. g-multi-decreasing if Vm/a € A,n/b € M, (n/b,m/a) € R ;then n/bgA

Example 5.9:Let X = {a,b,c}, M = {4/a,5/b,4/¢,6/d}, and

let R be a mset relation on M defined by m/aRn/b < a # b ,then
R = {(4/a,5/b), (4/a, 4/c), (4/a,6/d), (5/b, 4/a), (5/b,4/c), (5/b, 6/d), (4/c, 4/a)(4/c, 3/b), (4/e,6/d), (6/d,4/a), (6/d,5/b)
then A = {3/a,4/b,2/d,3/c}is a ¢- m-increasing mset and B = {3/a,4/b,1/d, 3/c}is a m-decreasing mset

Example 5.10:Let X = {a,b,c},M = {3/a,3/b,4/c},and let R be a m-set relation on M defined by
m/aRn/b < a # b and m < n , then R = {(3/a,4/c),(3/b,4/c)}, then A = {3/a,2/b,1/c}is a q- m-
increasing m-set .

Proposition 5.11:Let(M, R) be multi-partially ordered set and A ,B be m-subsets of M such that
A is - m-increasing mset and B is g- m-decreasing of M .Then A¢ is - m-decreasing mset and B¢ is
g-m- increasing mset , where A¢ B¢ are complements of A and B respectively .

Proof Let A be g-m-increasing mset and let m/a € A° n/b € M, (n/b,m/a) € RIf n/bgA° then
n/b € A A is q-m-increasing which implies m/agA.Then , m/a ¢ A° which is contridiction. Hence A° is
g-m-decreasing mset of M .

Let B be g-m- decreasing mset and let m/a € B°,n/b € M, (m/a,n/b) € R. If n/bgB then n/b € B B
is g-m- decreasing which implies m/agB.Then , m/a ¢ B¢ which is contridiction . Hence B¢ is increasing
mset of M .

Proposition 5.12:Let(M, R) be multi-partially ordered set .The intersection of two g-m-increasing (resp.
g-m-decreasing ) msets is g-m-increasing (resp. ¢-m-decreasing ) msets ,also The union of two g-m-
increasing (resp. g-m-decreasing ) msets is g-m-increasing (resp. ¢-m-decreasing ) msets

Proof Let A and B be g-m-increasing msets and m/a € AN B, (m/a,n/b) € R = m/a € A and
m/a € B,(m/a,n/b) € R then ,we have n/bgA,n/bgB ,implies n + min{C4(b),Cgr(b)} > Cp(b) =
n+ Canp(b) > Cpr(b) .Hence ,we have n/b ¢ AN B,consequently we have A N B is g-m- increasing
.Similarly we can show that the union of two g-m-increasing msets is also g-m-increasing mset

Definition 5.13:Let (M, R), (N, R*) be two m-posets. A mapping f : (M, R) — (N, R*) is said

1. g-m-increasing (q- m-decreasing ) if Ym/a,n/b € M,(m/a,n/b) € R = (f(m/a), f(n/b)) € R* (
(f(n/b), f(m/a)) € R*)
2. m-order embedding if ¥(m/a,n/b) € R < (f(m/a), f(n/b)) € R*

3. m-order reverse embedding if V(m/a,n/b) € R < (f(n/b),, f(m/a)) € R*

Example5.14 : LetM = {5/a,4/b,4/¢,3/d},N = {7/xz,5/y,6/z,4/w} and f : (M,R) — (N, R)be
a m-set function where f = {(5/a,5/y)/25,(4/b,4/z)/16,(4/c,4/w)/16,(3/d,3/z)/9}and R be a m-set
relation on M defined by m/aRn/b iff m < n then , f is g- m-increasing function from M to N .

.Proposition 5.15:Let f : (M,R) — (N,R*) be a mapping and f is - m-increasing map then the
inverse image of g-m-increasing (q- m-decreasing ) mset of M is g- m- increasing ( q-m-decreasing ) of M

Proof Let B be q-m increasing mset of N and let m/a € f~'(B) ;n/b € Msuch that (m/a,n/b) €
R.Then , f(m/a) € B ,(f(m/a), f(n/b)) € R*since B is q- m- increasing then, f(n/b)gB = n/bqf~*(B)
consequently f~1(B) is g-m- increasing m-subset of M.Similarly , we can prove that the inverse image of
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q- m-decreasing mset of M is g-m-decreasing of M .

6. m-topological ordered spaces

In this section we study multi-topological order space ,some of separation axioms of its and study some
of its relation between them

Definition 6.1: A m-topological ordered space on M is the triple (M, 7, R)where (M, R) is a m-poset
and (M, 7)is m-topological space

Definition 6.2: A m-topological ordered space(M, 7, R)is said to be :

1. m- LowerT; ordered space iff Vm/a,n/b s.t.m/aRn/b ;3 q-m-increasing open mset u such that
m/a € u,n/b ¢ u

2. m- upper T; ordered space iff Vm/a,n/b s.t.m/aRn/b ;3 q-m-decreasing open mset u such that
n/be€u,mjadu

3. m- T ordered space if it is m-lower 77 or m-upper7;jordered space .
4. m- T; ordered space if it is m-lower T} and m-upperT;ordered space .

5. m- Ty ordered space if Vm/a,n/b s.t.m/aRn/b,3 q-m-increasing open mset u and g- m- decreasing
open mset v , such that m/a € u,n/b€v and unNv = ¢

Proposition 6.3:Let(M, 1, R),(N, 2, R*) be two m-topological ordered spaces and f : (M,7,R) —
(N, 72, R*)be a m-continuous and m-increasing map from M onto N .Then,if (N, 72, R*) is m- LowerT}
then , (M, 7y, R) m- LowerT}.Also.if (N, 19, R*) is m- upperTy then , (M, 71, R) m- upperT}

Proof Let m/aR n/bsince f is m-increasing then f(m/a)R* f(n/b).Since(N, T2, R*) m- LowerT}, then
Jq- m-increasing open m-subset u of N such that f(m/a) € u, f(n/b) € u = 3f~!(u) is q-m-increasing
open m -subset of M and m/a € f~'(u),n/b & f~*(u) .Consequantly , the space(M, 1, R) is m-lower T}
.Similarly we can prove upper case

Proposition 6.4:Let ( M , R )be m-poset .The class of all g-m-increasing (q-m-decreasing ) msets
forms a m-topology on M it is denoted by Tine ( Taec)

Proof
1. ¢,M are g- m-increasing msets

2. Let A, B be g- m-increasing msets ,and let m/a € ANB ,n/be M , (m/a,n/b) € R=mja€ A
and m/a € B. since , A , B are g-m-increasing then,we have n/b € AN B.Hence , AN B is g-
m-increasing .

3. m/a € UgAq, n/be M, (m/a,n/b) € R.
If n/b U, Ay = n/bgANYa = n/b & A,Va which is contradiction for A, is increasing Vo

Similarly we can show that the class 74¢. is m- topology .

Definition 6.5:Let R be an m-binary relation on M . The after m- set of m/a € M is denoted by
m/a R and it defined by m/aR = {n/b: (m/a,n/b) € R}.Also , the fore m-set of m/a € M is denoted
by R m/a and it defined by Rm/a = {n/b: (n/b,m/a) € R}

Proposition 6.6:Let R be an m-binary relation on M .Then , the class 7, = {A € M : m/aR C
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A V m/aqA} is an m-topology on M

Proof
1. o, M € 1f

2. Let Ay, Ay € 75 . Let m/agA; N Ay = m/aqAi,m/agAs. Then , m/aR C Ai;,m/aR C Ay =
m/aR C Ay N Az Hence , Ay N Ay € 7f

3. Let A, € 7 Vo and let m/a g Uy Angthen , m/a gAfor some o .then,m/aR C A, for some
a.Hence ;m/aR C Uy A, ,consequently U, A, € 75.Thus ,74is an m- topology

Definition 6.7:A triple (M, 75, p) is called an m- order topological approximation space ( denoted by
m-OTAS ) , where 7/, = {AC M :m/aR C A V m/agA} ,and p is m- partially order relation .

Definition 6.8:A triple (M, 75, p) be an m-OTAS and A be submset of M .The m-lower ,m-upper
approximations ,m-boundary region and m-accuracy respectively are given by :

B inc(A) =U{G €7 : Gis q—m —increasing, G C A}
R. gee(A) =U{G € 73 : Gis q—m — decreasing, G C A}
RT;;—mc(A) ={F eT1§: Fis ¢—m—increasing, A C F'}

ETﬁc,dec(A) ={F e : Fis ¢—m —decreasing, A C F}

BN+ —inc(A) = R‘r"* —inc(A) \E * g (A)
R TR TH—inc
BNT§—dec(A) = Rrg—deC(A) \Erlg—dec(A)
aTI*%_inC(A) — ‘%Tl*%fi"c(A)‘

‘Rrﬁ—inc(A)‘

. IR s _gec (Al
T5h—dec — 'R

o) = F @

Proposition 6.9: Let(M, 7%, p) be an m-OTAS and A ,B be submsets of M .Then ,

=

s—ine(
TR —Inc

2. ACB= Erﬁ—inc(A) - Erﬁ—inc(B)(ETé—dec(A) - ET;%—dEC(B)

A)CAcC Efﬁfim(A)(Er;z—dec(A) CAC Efﬁfdet:(A))

3. ACB= Reye—inc(A) CR" (B)(Rrze—dec(A) C Rrre—dec(B)
4. RT}"%C—inc(A N B) - RT}*%C—inc(A) N RT}*%C—inc(B)

S. RT}"%Cfinc(A U B) = R‘rl’gffinc(A) U R‘rl’;‘“finc(B)

6. ET};*Z—’HC(A U B) > Erﬁfinc(A) U E‘rﬁfinc(B)
7. ET}"%—inc(A N B) = ETI*%—inc(A) N ET}%—iTLC(B)
Proof

1. Straightforward

2. LetA C B then the family {G € 7} : Gis ¢ —m — increasing,G C A} C {G € 75, : Gis ¢ —m —
increasing, G C B} which implies that U{G € 7} : Gis ¢ —m — increasing,G C A} C U{G €
7F : Gis ¢ —m —increasing, G C B},that ISR, A)CACR A).Similarly ,we can show
that ET;{fdec(A) C A - Efﬁfdec(A)

—ine( s—ine(
inc TR —iNC
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3. LetA C B then the family {F € 77 : Gis ¢—m — increasing, BCF}Cc{Fer):Fis ¢q—m—
increasing,A C F} which implies that N{F € 7%° : Gis ¢ —m — increasing,A CF}Cn{Fe

: Fis g—m— mcreasmg, B C F},that is RTR mC(A) CAC RTR mc( ).Similarlywe can show

thtR A)CACR B)

=TR— de('( STR— de('(

4. Since ANB C Aand ANB C B We have ETﬁ_dec(A NB) C ET;‘_dec(A) N ETg_dec(B).Since

{F €1 Fis g—m — increasing, A C F} C{F € 77 : Fis ¢ —m — increasing, AN B C F}
then,we have R dec(A) C ETR_dec(AOB) and also ETR_dec(B) CR™® AN B).Hence we have
R dec(A) A RTR dec(B) _ ETR*dec(

—dec
(

AN B) .Similarly for decreasing case

TR znc(

5. Since RTR?WC(A) UR B) = (N{F € 7}¢ : Fis q—m — increasing, A C F}) U (N{F' € 7% :
F'is q—m—increasing, B C F/}) = O{FUF, et F, F'are q—m—increasing, A C FandB C
F'Y=n{F*er}: F*is ¢—m— mcreasmg,AU BCF*} = R mc(A U B)

6. Since A C AUB and B C AU B then we have R_.

T —inc

(A)UR.. .(B)C R,

TF —inc TF —inc

(AUB)

7. Since R, (B) = (U{G € 1} : Gis ¢ — m — increasing, G C A}) N (U{H € 7} :
Gis ¢q—m — increasmg,H C B})=U{GNH €1} :Gis ¢q—m—increasing, G C AandHis q—
m —increasing, H C B} = U{H € 74 : His q—m —increasing, H ¢ ANB} =R (ANB)

—inc(A) N RT* —inc

T —ine
in the following example we find The m-lower ,m-upper approximations and m-accuracy for some msets
Example6.11 : LetM = {3/a,2/b,4/c,5/d}R ={(3/a,3/a)/9, (2/b,2/b)/4, (4/c,4/c)/16,(5/d,5/d) /25
,(3/a/2/)/6,(2/b,1/c), /2,(5/d,2/c)/10}

then we have 75 = {¢, M, {3/a,2/b,4/c}, {2/b,4/c}, {4/c}, {5/d,4/c}}

A med) [R™@) [am@a) [ BNDm. |
{3/a,4/c} {4/0} [ M ] 4/5 [ {3/a,2/0,5/d} |
{3/a,2/b} 1) { M { 0 [ {3/a,2/b,4/c,5/d} |
{2/d,4/c} {4/ T M T 4/5 T {3/a,2/b5/d} |
{5/d,4/cy [ {5/d;4/c3 T M [ 1 ] {3/a,2/0} \
{2/6,4/c} | {2/b,4/cF T M ] 4/5 ] {8/a,5/d} \
{1/6,4/c} {4/cy T M T 4/5 T {3/a,2/b,5/d} |

{2/a,2/b,4/c} | {2/0,4/c} T M [ 4/5 ] {3/a,5/d} \

{3/a,2/d} ) { M { 0 [ {3/a,2/b,4/c,5/d} |

{4/d} [ M [ 0 [{3/a2/b4/c5/d} |

{3/a} ¢ T M [ 0 T[{3/a2/b4/c5/d}, |

{3/¢c} ¢ T M [ 0 T[{3/a2/b4/c5/d}, |

{2/b} ¢ T M [ 0 T[{3/a2/b4/c5/d}, |
Table( 1)

From the table we have ET;rmc({3/a, 4/c}) = {4/c} ,ET§7inc({3/a, 2/b}) = ¢ then
R ine({3/a,4/c})UR.. _;,.({3/a, 2/b}) = {4/c}
but B ;,.({3/a, 2/b}U{3/a A/ct) = Rr ipc{3/a,2/b,4/c} ={3/a,2/b,4/c} D R, _;,.({3/a,2/b})U
R, ({3/0,4/c)
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in the following we define a different types of generalized rough msets and illustrate the relationships
between different types of generalized definitions of rough multi-set approximations

Definition 6.12:: Let R be any mset relation on a non-empty met M .For any submet A C M

the lower and the upper mset approximations of A are defined by R*(A) = U{m/zR : m/xRqA} and
R*(A) = (R*(A°))¢ and the m - accuracy is defined by a*(A) =| %E’:; |

Definition 6.13: Let R be any met relation on a non-empty met M .For any submet A C M the
lower and the upper mset approximations of A are define as R**(A) = U{m/zR : m/zR C A} and

R**(A) = (R**(A°))¢ and the m - accuracy is defined by a**(A) =| g Eﬁ; |

in the following example we find The m-lower ,m-upper approximations and m-accuracy for some msets

Example 6.14 : LetM = {3/a,2/b,4/c,5/d},R ={(3/a,3/a)/9, (2/b,2/b) /4, (4/c, 4/c) /16, (5/d,5/d) /25

1 (3/a/2/0)/6,(2/b,1/¢)/2,(5/d,2/c)/10}

A A) ] R (A) | a*(A) ] BND* \
13/a,4/c} {2/c} [ 13/a,2/b,4/¢,5/dY | 2/5 | {3/a,2/b,2/c,5/d} |
{3/a,2/b} [ {3/a} [ {3/a,2/b,1/c} | 1 | {2/b,1/c} \
12/d,4/c] ¢ | 12/b4/c5/d) | 0 | {2/b,4/c,5/d7 |
{2/b,4/c} {2/c} ] M | 2/5 [ {3/a,2/b,2/c,5/d} |
12/d,3/a} ¢ T13/a,2/b,,2/c.5/dY | 0 | 13/a,2/6,2/c,5/d} |

{2/a,2/b,4/c} | {2/c} | M [ 2/5 T {3/a,2/b,2/c,5/d} |
{4/d} o ] {5/d,2/c} [0 ] {2/c,5/d} \
{3/a} {3/a} 1 {3/a,2/b} I {2/0} \
{3/c} o ] {5/d, 4/c} |0 [ M={4/c,5/d} |
{2/0} ¢ [ {3/a2/b,1/c 1 0 [M={3/a,2/b1/c} |

Table(2)

A B4 | B4 [a@) [ BND™ |
{3/a,4/c} {4/c; T M [ 4/5 [{3/a,2/b,5/d} |
{3/a,2/b} [ {3/a,2/b} [{3/a,2/b} [ 1 ] ¢ \
{2/d.4/c} {4/c; T{4/e.5/d}y [ 475 ] {5/d} \
{2/b,4/ct [ {2/b,,4/c} T M [ 4/5 | {3/a,5/d} |
{2/d,3/a} ¢ [ {3/a,5/d} [ 0 [ {3/ab/d} |

{2/a,2/b,4/c} | {2/b,4/c} T M [ 4/5 [ {3/a,5/d} |
{4/d} ¢ [ {5y T 0 ] {5/d} \
{3/a} ¢ [ {8/a} [ 0 ] {3/a} \
{3/¢c} ¢ | {5/d,4/cy T 0 1 {4/c,5/d} ]
{2/0} 2 [ {3/a,2/0} T 0 [ {3/a,2/b} |

{1/b,4/c} {4/t T M [ 4/5 [{3/a,2/b,5/d}, |

Table(3)
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